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ARTICLE INFO ABSTRACT
Received: 30 May 2023 This research focuses on enhancing critical thinking in secondary mathematics education using carefully
Accepted: 02 Mar 2025 constructed teaching materials. Utilizing socially open-ended framework, complemented by perspectives from

critical mathematics education, the study aims to promote students’ critical thinking skills. The developed
materials were implemented in a unique lesson centred around the 60-second challenge, whereby students were
tasked to propose rule modifications. The study also aimed to identify students’ social values, considering these
as interconnected with their capacity for critical thought. The assessments involved multiple teachers evaluating
student reports using rubric and students participating in peer review activities within the class. The lesson’s
outcome illustrated students’ ability to propose thoughtful improvements to the existing rules, reflecting their
critical thinking abilities. Furthermore, this innovative series of evaluation activities via the rubric provides a
foundation for future research in the assessment of critical thinking, serving as a potential model for future studies.
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INTRODUCTION

Research on critical thinking, a universal skill, has been extensively conducted in various fields such as education, psychology,
and philosophy (Ennis, 1987; Paul, 1992). However, there is still a lack of pedagogical research specifically focused on mathematics
education, both globally and in Japan (Baba, 2016, 2017, 2019, 2020; Fonseca & Arezes, 2017; Jablonka, 2020). In Japan, the
emphasis of mathematics education research has primarily been on developing teaching materials and instructional methods to
foster students’ critical thinking (Hattori & Fukuda, 2019; Kubo, 2019). However, new challenges have emerged, such as properly
identifying and evaluating students’ critical thinking abilities. This research question remains largely unexplored and urgent, not
only within the academic education field in Japan but also internationally.

This study adopts the perspective of critical thinking in the context of critical mathematics education and establishes
connections with the societal values expressed by individuals. As Skovsmose (2020) proposed, critical mathematics education
emphasises the importance of addressing oppression, exclusion, and exploitation in society through educational approaches. It
is characterised by its pursuit of social justice, commitment to opening new possibilities for students, and a critical approach to
mathematics in confronting all forms of oppression. Furthermore, critical mathematics education encompasses a broad
perspective that considers not only explicit issues but also education for all students, making it a concept that transcends narrow
applications (Skovsmose, 2016, 2022).

The ‘spirit of harmony’ (wa no seishin), a hallmark of Japanese culture, can sometimes lead to peer pressure wherein
individuals with minority opinions are implicitly pressured to align with the majority. This tendency to suppress personal opinions
is a characteristic of Japanese society; however, various forms of oppression are interconnected (Benedict, 1946). Moreover,
oppression manifests differently across societies (Kincheloe et al., 2017). In Japan, peer pressure represents a pervasive form of
oppression thatis subtly and widely embedded in the fabric of society. Overcoming this form of oppression without compromising
harmony or kindness is a critical challenge. When individuals feel that their ideas are respected, they are more likely to engage in
society and maintain motivation to learn (Frankenstein, 2012).
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Table 1. Comparison of the two types of open-ended problems (Baba, 2007, p. 22)

Mathematically open-ended problem Socially open-ended problem
Objective To nurture mathematical thinking To nurture mathematical thinking and judgement based on mathematical thinking
and associated social values
Problem To allow mathematically diverse solutions To allow mathematically diverse solutions and associated social values

Method Discussion on mathematically diverse solutions  Discussion on mathematically diverse solutions and the associated social values
and their generalisation and symbolisation

In this sense, overcoming ‘peer pressure’ is the key to achieving critical mathematics education in Japan. As a methodological
approach, this study adopted the framework of socially open-ended problems. As Baba (2009) proposed, socially open-ended
problems encourage students to articulate their social values and engage in mathematical problem solving based on these values.
This approach fosters a classroom culture in which even small, yet meaningful expressions and problem-solving efforts are
celebrated, reflecting the unique characteristics of Japanese educational practices. Additionally, we have created teaching
materials with the purpose of fostering critical thinking and have assessed their effectiveness through practical implementation.
To evaluate their effectiveness, we will utilise a rubric as a measurement tool. Engaging in socially open-ended problems with
critical thinking requires learners to be aware of their own societal values and engage in reasoning and discussions concerning
the societal values of others. In other words, social values must be somehow manifested in problem-solving endeavours;
otherwise, awareness, sharing, reasoning, and discussions would be rendered impossible. Thus, the “manifestation of social
values” becomes a crucial factor. Establishing a rubric will be necessary to assess this aspect. During the lessons, multiple teachers
evaluated student reports using the rubric, and students themselves participated in peer evaluation activities within the
classroom. We anticipate that this series of evaluation activities, utilising the rubric, will provide fundamental data for research on
evaluating the development of critical thinking in mathematics education. The objectives of this study, therefore, are to develop
teaching materials that promote critical thinking in secondary mathematics education, describe students’ problem-solving
approaches through practical implementation, and test the effectiveness of a rubric in capturing the societal values expressed by
students.

THEORETICAL FRAMEWORK

Critical Mathematics Education and Socially Open-Ended Problem

We have adopted Skovsmose’s (1994) perspective on critical mathematics education. According to this perspective,
educational practices within critical mathematics education aim to cultivate critical citizenship within the context of society. In
critical mathematics education, mathematics serves as both a tool for critique and an object of criticism within the social context.
Itis positioned as a valuable means to identify and analyse significant aspects of society (Skovsmose & Nielsen, 1996). The teaching
and learning process should strive to equip students with critical capabilities that are essential for their participation in the
ongoing democratisation of society (Skovsmose, 1994). Critical mathematics education can be characterised by its pursuit of
social justice, its presentation of new possibilities to students, and its critical engagement with mathematics in various forms and
applications (Skovsmose, 2020). Essentially, it is a comprehensive concept that must be regarded as education for all students,
rather than merely a tool for critiquing systems of social inequality and oppression (Skovsmose, 2016, 2022). In this study, we
consider the school environment, where students typically reside, as their own society, and our aim is to critically examine the use
of mathematics to enhance the school community. Skovsmose (1994) describes the purpose of pedagogical practices within
critical mathematics education as follows:

...not to concretise mathematics but to see in what way mathematics could develop from a broad context requiring the
use of mathematics. If mathematics is everywhere in daily life situations, then it need not be necessary to develop any
artificial concretisation. Instead, the prerequisite must be to create open-ended situations and in these, to let mathematics
grow (p. 79).

To achieve this objective and create a harmonious framework, we employ socially open-ended problems (Baba, 2007; Baba &
Shimada, 2019). Socially open-ended problems are defined as problems that have multiple mathematical and social solutions,
with the aim of developing social judgment through mathematical approaches (Baba, 2009, p. 52). Table 1 illustrates the
distinctions between socially open-ended problems and mathematically open-ended problems. As depicted in Table 1,
mathematically open-ended problems focus on the development of mathematical thinking itself, whereas socially open-ended
problems prioritise the development of social judgment, utilising mathematics solely as a problem-solving tool.

Research on socially open-ended problems has recently gained attention, with studies being conducted among high school
students in Thailand that highlight its growing prominence and the potential for further accumulation of findings (Gonzélez &
Chitmun, 2017). Recent research has focused on ethics in relation to socially open-ended problems (Hattori et al., 2021).

In this study, it is essential to clarify the meaning of values. Values are the guiding principles that shape human behaviour
(Sagiv et al., 2017). Socially open-ended problems entail the utilisation of diverse mathematical models that are built upon the
children’s values inherent in the problem-solving process. Consequently, by encouraging students to recognise, appreciate, and
critically examine these values, we can foster the development of their critical thinking skills.
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Figure 1. Literature review on the development of critical thinking in mathematics education (Source: Hattori, 2017; translated
into English)

Critical Thinking

Critical thinking is vital for 21st-century individuals (Vincent-Lancrin et al., 2019). However, its definition is multifaceted across
different research fields, lacking a fixed definition (Michita, 2003). We adopt Paul’s (1995) model for this study, focusing on
‘fairness’, ‘morality’, and ‘society’. Paul distinguishes ‘strong’ and ‘weak’ critical thinking. ‘Strong’ thinkers, according to Paul
(1992), have seven traits: humility, courage, empathy, good faith, perseverance, faith in reason, and a sense of justice. Michita
(2005) characterised ‘strong’ critical thinkers as recognising empathetic, fair evaluators who value different viewpoints, even when
they challenge their beliefs. Conversely, ‘weak’ critical thinkers identify and refute others’ flaws, supporting their own beliefs (Paul,
1995). In this study, we aim to cultivate ‘strong’ critical thinking, enabling students to engage with others’ opinions constructively
and empathetically, while critically reflecting on their own ideas. ‘Strong’ critical thinking enables fair judgments through
consideration of diverse interests (Michita, 2005).

Next, we explore the notion of critical thinking within the mathematics education context. Critical thinking plays various roles
in mathematics education, including viewing it as a byproduct of mathematics learning, prerequisite for mathematical problem-
solving, and means of critically engaging with social, political, and environmental issues (Jablonka, 2020). Geiger et al. (2023)
highlighted the significance of critical mathematical thinking (CMT) in mathematics education, emphasising its importance
beyond skill acquisition. They defined CMT as the ability to critically analyse real-world problems and make effective and ethical
decisions. Furthermore, understanding how critical thinking connects with values when addressing the role of mathematics in
society is an essential research topic (Kacerja & Julie, 2023). This study approaches critical thinking from the perspective of solving
real-world mathematical problems. As a methodological aspect of fostering such critical thinking, this study focuses on socially
open-ended problems that emphasise student values.

Michita (2013) identified critical thinking through three key concepts: rationality, reflectivity, and criticality. Different emphasis
on each aspect can alter interpretations. Hattori (2017) applied this understanding to highlight the importance of critical thinking
in mathematics education from two perspectives: critical thinking in a broader sense and critical thinking within the pure
mathematical context (referred to as critical thinking in a narrower sense). Furthermore, Hattori (2017) organised the existing
studies on fostering critical thinking in mathematics education (Figure 1), indicating that social values are expressed in the
classroom during critical thinking in the broader sense, while mathematical values emerge during critical thinking in the narrower
sense.

The definitions of critical thinking in the broad and narrow senses are provisionally outlined as follows.
Critical thinking in the broadest sense

In this study, we tentatively adopt Hattori’s (2020) definition of critical thinking in the broad sense:

Students should be able to see the essence of a given problem without being misled by superficial differences, and to
propose a solution based on a mathematical model constructed from their own values. Also, while judging the validity and
reliability of solutions proposed by others, students should try to modify their own solution proposal to improve it (Hattori,
2020, p. 162).

Education for critical thinking aims to overcome potentially limiting perspectives, thus necessitating the transcendence of the
very criteria that define ‘critical’ judgment (Jablonka, 2020). This is why we employ the term ‘tentatively’.

Critical thinking in the narrow sense

Using mathematical knowledge and reasoning to assess a situation’s authenticity is crucial (Hattori & Inoue, 2015).



4/18 Hattori et al. / International Electronic Journal of Mathematics Education, 20(3), em0830

In classrooms, students use critical thinking and social values to solve open-ended problems. Students utilise critical thinking
in conjunction with their own individual or group social values to seek solutions. This study aligns critical thinking with the broader
interpretation depicted in Figure 1, aiming to enhance students’ critical thinking by focusing on activities involving critical
examination of others’ values.

Developing the Socially Open-Ended Problem: Proposing New Rules for the 60-Second Challenge
Lesson overview and targeted critical thinking skills

This study focused on secondary mathematics education and aimed to create teaching materials that specifically targeted the
development and evaluation of critical thinking. The teaching materials in question were designed as socially open-ended
problems. More specifically, we developed a socially open-ended problem centred around the task of proposing new rules for the
60-second challenge. This problem was presented in a classroom setting with Japanese second-year high school students.

During the lesson, the students were tasked with examining the validity of the existing rules of the 60-second challenge, a
recreational game typically played by elementary school students. Based on their evaluation, the students were required to
propose new rules for the game. The teaching materials were developed as three-hour units, and the objective was to nurture
specific critical thinking skills in the students.

The critical thinking skills we aimed to foster in the classroom were as follows: students should be capable of ‘formulating
reasonable rules for the 60-second challenge that can be widely accepted, while making their own values evident through a
mathematical model’, and ‘critically evaluating the rules proposed by others and modifying their own rules to improve them’.
These skills were tentatively adopted for the study.

These skills are grounded in the components of criticality and rationality, as illustrated in Figure 1. Criticality refers to the
endeavour to create better rules using mathematics, whereas rationality signifies the creation of rules that everyone can agree
upon. Furthermore, this study strongly emphasises critical thinking, as highlighted by Paul (1992). Specifically, the element of
‘otherness’ is a key aspect of evaluation. The ability to empathically understand others’ perspectives is essential.

Students were expected to utilise their existing mathematical knowledge, primarily in the field of statistics, to analyse the
nature of the data and establish new rules for the 60-second challenge. Additionally, they were tasked with addressing questions
such as ‘should the degree of variability be considered in determining the outcome of the game? (If so, how should it be
incorporated?)’ and ‘should there be a handicap system based on grade level? (If so, how should it be implemented?)’. These
questions allowed for diverse solutions based on each student’s individual values.

Here, we will explain how examining the validity of the ‘60-Second Challenge’ rules connects to critical thinking. As the chapter
on the theoretical framework indicates, this study draws on critical mathematics education (Skovsmose, 1994) and aims to foster
students’ critical thinking skills. From the perspective of critical mathematics education, the goal is to use mathematics to address
issues and contribute to building a better society. Evaluating the validity of the ‘60-Second Challenge’ rules is linked to enriching
the social environment of elementary schools where students are enrolled. In this sense, critical thinking that considers and
empathises with others is expected, particularly among elementary school students. This aligns with what Paul (1992) referred to
as critical thinking in its strong sense, emphasising the ability to empathise with others’ opinions and constructively develop one’s
own ideas.

In this practice, the primary focus is on fostering critical thinking in a broad sense. However, proposing more sophisticated
mathematical approaches signifies a narrow application of critical thinking, which refers to thinking within the domain of
mathematics, specifically aimed at developing better mathematical practices. For instance, simply comparing the number of
participants who stopped the stopwatch exactly at the 60-second mark is an inappropriate measure because it does not account
for differences in group sizes. Instead, analysing the data using proportions calculated by dividing them by the number of
participants exemplifies the application of critical thinking in a narrow sense, utilising more advanced mathematics.

Next, we will discuss the tasks that were deemed central by the students during the lesson.
Central tasks of the class

The 60-second challenge is a game in which participants close their eyes and start a stopwatch, attempting to stop it when
they believe 60 seconds have elapsed. The participant with the time closest to 60 seconds is declared the winner. This game has
been established as an annual recreational event for all students in a Japanese elementary school, with students from different
grades competing against each other. In other words, the game is actively played within the school. The elementary school where
the game takes place has approximately 600 students in total, with around 100 students in each grade from first to sixth. Each
participant’s time was recorded twice, and the time closest to 60 seconds was included in the data, which was then organised by
grade. As per the rules, the average time for each grade was calculated, and the grade with the average time closest to 60 seconds
was determined as the winner.

For this study, high school students were given the task of considering the following socially open-ended problem: proposing
new rules for the 60-second challenge, based on the raw data collected from the actual recreational event. The central question
posed to high school students, which will be discussed in detail later, is whether the rule of using the average time to determine
the winner should be maintained for future events. The students were prompted to evaluate the appropriateness of utilising the
average as an indicator for determining the winner through a data analysis activity. We believed that engaging in such
mathematical activities would contribute to the development of the students’ critical thinking skills.

Detailed rules of the 60-second challenge are presented in Figure 2.
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<60-sec challenge™>
All students, first to sixth grades
(1) The student starts the stopwatch and stops it when they think 60 sec have passed, without looking at the
display (closing their eyes).
(2) Decimals are rounded to the nearest second, and the data are taken as integer values.
(3) Each student has two tries, of which the closest to 60 sec is included in the data.
(4) If the student fails to record a time on both tries (e.g., if they forget to push the button), the time is
recorded as 0 sec.
[Rules for determining the winner]
This is a competition between grades. The grade with the average time closest to 60 sec wins.* Grades that
have not learned the concept of average are told that that the grade closest to 60 sec is the winner.

Figure 2. Rules of the 60-sec challenge (Source: Authors’ own elaboration)

Average of data for each grade
*Figures in parentheses show the
difference from 60 sec.
Roman numerals indicate rank
First grade: 59.59 (-0.41) (i1)
Second grade: 56.71 (-3.29) (v1)
Third grade: 60.42 (+0.42) (iii)
Fourth grade: 59.22 (-0.78) (v)
Fifth grade: 60.68 (+0.68) (iv)

Sixth grade: 59.96 (-0.04) (1)

Figure 3. February 2020 60-sec challenge average results by grade (Source: Authors’ own elaboration)

Average of data for each grade
*Figures in parentheses show the
difference from 60 sec.
Roman numerals indicate rank
First grade: 55.53 (-4.47) (v1)
Second grade: 58.35 (-1.65) (v)
Third grade: 58.74 (-1.26) (iv)
Fourth grade: 60.29 (+0.29) (i11)
Fifth grade: 60.102 (+0.102) (i1)
Sixth grade: 60.1 (+0.1) (1)

Figure 4. February 2021 60-sec challenge average results by grade (Source: Authors’ own elaboration)

Task
The 60-sec inter-grade challenge between grades is held at K Elementary School. Are the existing rules for
this challenge appropriate as they currently stand? Review and propose new rules for the 60-sec inter-grade
challenge. In doing so, provide an explanation for both teachers and elementary school students (e.g., the
basis for why the rule is considered to be good).

Figure 5. Central task for proposing new rules for the 60-sec challenge (Source: Authors’ own elaboration)

The 60-second challenge occurred twice in an elementary school, with data gathered per class. Grades 1 and 2 were assisted
by teachers. The competition ran in February 2020 and 2021, resulting in two datasets being collected (one per year). Each year,
an average time per grade was calculated. In 2020, 6th graders won, followed by 1st graders (Figure 3). In 2021, 6th graders won
again, followed by 5th graders (Figure 4).

The high school students were subsequently given the following task to work on, utilising the provided results (Figure 5).
Figure 5 presents the key question that the students were required to contemplate to showcase their critical thinking skills in this
experimental class.

On the worksheet, the high school students were instructed to provide two explanations regarding the new rules for the 60-
second inter-grade challenge conducted at K Elementary School. One explanation was intended for the teachers, while the other
was meant for the elementary school students. It is important to note that the 60-second challenge is not a hypothetical task, but
an actual event held at an elementary school. Therefore, the objective was for the high school students to contemplate what kind
of rules would be appropriate if the challenge were to be held the following year at K Elementary School. Moreover, since our aim
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Figure 6. Box-and-whisker diagram for February 2020 60-sec challenge results (Source: Authors’ own elaboration, using
Simplebox)
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Figure 7. Box-and-whisker diagram for February 2021 60-sec challenge results (Source: Authors’ own elaboration, using
Simplebox)

in this study is to foster critical thinking in a strong sense, we also wanted to instil a sense of otherness in the students. As a result,
they were asked to propose new rules to both the teachers and students at K Elementary School.

During the lesson, raw data in the form of 60-second challenge records for each grade were distributed to the students. They
utilised statistical analysis tools such as Simplebox (for box-and-whisker plots) and Simplehist (for frequency distribution tables
and histograms) on their tablets to analyse the data statistically. For instance, Figure 6 and Figure 7 illustrate the representation
of the raw data through box-and-whisker plots.

The planned lesson spanned a duration of three hours. In the first hour, students individually considered new rules and then
shared their ideas within their respective groups. In the second hour, groups engaged in an information exchange session to share
their progress. Finally, in the third hour, each group was given the opportunity to present their newly proposed rules.

! After the experimental lesson, the teacher evaluator from K Elementary School proceeded to share the recommendations with the elementary
school students.
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Table 2. Proposal for weighting by grade

Time range Points (per person)
Under 50 sec. All grades: 0 points
50-under 55 sec. Grades 4-6: 10 points
Grades 1-3: 15 points
55-under 60 sec. Grades 4-6: 15 points
Grades 1-3: 20 points
60 sec. Grades 4-6: 20 points
Grades 1-3: 30 points
60-under 65 sec. Grades 4-6: 15 points
Grades 1-3: 20 points
65-under 70 sec. Grades 4-6: 10 points
Grades 1-3: 15 points
70 sec. or more All grades: 0 points

Table 3. Evaluation by rubric

S (Satisfactory) A (Excellent) B (Adequate) C (Insufficient)

The response satisfies criteria A and includes The rationale behind why the ruleis There is some explanation of  No statement or the
excellent points, such as a clear rationale presented considered good is clearly explained, the rationale behind why the  statement contains
from multiple perspectives and efforts made to encompassing the basis for rule is considered good. major errors.
ensure comprehension by different audiences, acceptability to a wide range of

including teachers and elementary school students. individuals.

Handling of socially open-ended problems

As outlined by Shimada (2017), the handling of socially open-ended problems specifically involves utilising mathematical
models to address the problems. In our lesson, the task given to the students serves as a mathematical model. Therefore, the
question arises: what kind of mathematical model will the students propose?

Based on the data from February 2020, where the first-grade students secured second place, it becomes evident that the rule
determining the winner, which is based on the average value, can be reevaluated. As depicted in Figure 6 and Figure 7, some
students may not be content with the fact that the first grade, with a wider range of results compared to the other grades, attained
second place. Conversely, if students prioritise the value of kindness, they may perceive no issue with this outcome. In such a case,
the use of the average value to determine the winner would be upheld.

Additionally, students might propose counting the number of students who achieve exactly 60 seconds. However, since this
proposal does not account for the number of students in each grade, it would be more suitable to divide the count of students at
exactly 60 seconds by the total number of students in the grade. The latter proposal demonstrates a higher level of mathematical
sophistication compared to the former. Furthermore, if the value of kindness towards the first graders is further emphasised,
students may suggest implementing weighting. For instance, as illustrated in Table 2, a proposal could involve introducing a
scoring system for each time range and assigning greater weight to scores for first-to third graders.

Other possibilities include the notion of setting the time ranges with greater precision or modifying them to determine the
winner based on the number of individuals within a range of 60 seconds * 2 seconds. Another possibility is to calculate the average
while excluding outliers. As a result, students are encouraged to construct mathematical models that align with their values.
Therefore, we anticipate that the responses will differ based on the students’ values. This type of lesson exemplifies an
environment where students themselves develop creative mathematical activities, allowing them to showcase their own critical
thinking abilities through these activities.

Evaluation by rubric

Based on the discussion of evaluation in Hattori et al. (2023), we have developed a rubric (evaluation criteria) which is
presented in Table 3. When creating the rubric, we placed emphasis on the rationale behind setting the rules. This is because we
believe that the rationale determines critical thinking, which is rooted in social values.

The authors view judgments and the presentation of the rationale for them in the following manner. As mentioned earlier,
values are principles that guide human behaviour (cf. Sagiv et al., 2017), and they serve as criteria for judgment and a framework
for thinking (cf. Morioka et al., 1993). However, in most cases, the criteria used for judgment are not only unobservable but also
unrecognised by the individual making the judgment. Therefore, in this study, we focused on how the basis for judgment is
presented. This relates to the infinite retroactive structure of the grounds for judgment. In other words, the basis of a judgment
itself becomes a judgment, and the basis of that judgment can be further questioned. In principle, the grounds for judgment can
be traced back indefinitely. However, in real communication, we do not go back infinitely. Instead, we stop at a point that can be
stated indefinitely in principle: ‘in this situation, it would be sufficient to state this much’.

Judgment implies the criteria/framework used, as shown by the rationale provided. The rubric in Table 3 interprets how
rationales are presented to understand the values guiding learners’ judgments and their alignment with a universal rationale. For
instance, if the ‘Explanation for Teachers’ acknowledges differences in children’s developmental stages, it can be inferred that
decisions are made with a focus on fairness. Furthermore, if specific differences in children’s developmental stages from first to
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sixth grades are mentioned, such as variances in the perception of time quantity, then it suggests a broader rationale accepted
more widely. This rubric helps assess how social values are manifested.

These rubric prompts student to offer clear explanations that consider individuals with different perspectives. This approach
was adopted to foster the development of critical thinking in a strong sense. Critical thinkers in the strong sense are expected to
consider the interests of diverse individuals and groups beyond their own.

MATERIALS AND METHODS

The class was held at a high school affiliated with a national university, with approximately 200 students per grade (five classes
of 40 students each). Of these students, approximately 60% entered the school from the junior high school affiliated with the
university. Classes are not organised based on proficiency levels, and there is a mix of students who are extremely good at math
and those who feel that math is not their strong suit. However, compared with a typical Japanese school, this school has a more
academically advanced student body, and almost all students can perform basic calculations that can be found in textbooks. This
experimental lesson was conducted in a second-year high school class including 40 students, comprising 23 male and 17 female
students. The lesson was implemented over three consecutive days in late June 2021, with each session lasting 45 minutes. The
instructor oversees ‘Math II’ for this class and teaches four hours every week. He is also the homeroom teacher of the class and
communicates well with the students. This is the first time that a class designed to foster critical thinking skills has been
implemented.

Data were collected through video recordings, group reports on worksheets, and questionnaires. A camera was placed at the
back of the classroom to capture an overall view of the class. During group activities, an additional handheld camera was used to
record conversations by positioning it close to each group while filming.

During the experimental class, an information exchange session was conducted in the second period, followed by a peer
evaluation of other groups’ presentations in the third period. These activities were designed to foster critical thinking in a strong
sense, as outlined in the theoretical framework. The aim was to provide students with ample opportunities for interaction and to
emphasise the importance of sharing ideas with others. The decision to schedule lessons over three consecutive days was made
to emphasise interactions with others. Critical thinking in its strong sense involves receiving the opinions of others and
reconsidering one’s own perspectives. Particularly, during the information-sharing session on the second day, ample time was
allocated for students to listen to others’ opinions. This approach was intended to encourage students to constructively reflect on
their views and make fair proposals based on these reflections.

After the class, the worksheets were collected, scanned, and analysed. Three rubric evaluators were involved: the high school
teacher who delivered the lesson (the second author), a university teacher (the first author), and an elementary school teacher
who conducted the new 60-sec challenge game. During this lesson, the students were expected to present diverse opinions from
different perspectives. Consequently, the analysis of the content written on the worksheets inevitably depends, to some extent,
on evaluators’ value judgments. To prevent any evaluator from being influenced by the opinions of others, three evaluators
independently conducted the analyses and rubric-based evaluations. Specifically, each evaluator worked separately, not at the
same location, to qualitatively assess the worksheets individually, based on Table 3. Scale S of the rubric was specifically focused
on the criterion of ‘Steps taken to enable comprehension by different audiences, namely, teachers and elementary school
students’. Since the students’ reports were proposals for new rules for the 60-sec challenge, it was deemed appropriate to have
an elementary school teacher from the corresponding school evaluate the reports and provide sincere feedback to the students.
The expected outcome of the students’ critical thinking was the proposal of an alternative rule to replace the mean. The worksheet
descriptions were examined to identify the values emphasised by the students, and the demonstrated critical thinking was
evaluated. Subsequently, a questionnaire was administered during the final 10 minutes of the third period, followed by a text
mining analysis. This questionnaire was designed to measure the extent to which students demonstrated critical thinking in its
strong sense. As previously mentioned, this practice aims to encourage students to critically evaluate the rules proposed by others
and revise their own rules for improvement. In other words, the questionnaire sought to gauge how consciously students
considered others’ opinions. By employing text mining techniques, we analysed the keywords provided in the responses to
identify the relationship between the improvement of students’ own ideas and the influence of others’ perspectives.

In the next section, we will describe and discuss the classroom practice, focusing on three perspectives: the mathematics used
by students in the class, the functioning of the rubric, and the demonstration of critical thinking by the students.

LESSON IMPLEMENTATION AND DISCUSSION

Lesson implementation
First session

First, the progression of the three-hour lesson was explained, and a worksheet was distributed to the students. The teacher
and students then collectively established the task. A time limit of 3 minutes was set, during which the students individually
contemplated new rules for the 60-sec challenge. Each group, comprising five members, received a tablet PC. The group
discussions were to be conducted using the tablets, and the operation of the computer software was explained to the entire class
prior to the activity. The students were informed that they could utilise SimpleHist and Simplebox for analysis and were permitted
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to modify the original data (e.g., considering outliers) or download additional software if needed. The tablets provided internet
access, and students were allowed to perform searches, among other activities. Furthermore, the use of smartphones was also
allowed. During the group discussions, students were required to utilise the tablets to review data and experiment with the 60-sec
challenge using their smartphones.

In the first session, attention was focused on rationality, as defined in this study’s critical thinking framework. This session
involved activities in which students critically examined existing rules and explored the possibility of creating better alternatives.

Second session

After explaining the session’s progression at the beginning, students were instructed to assign roles for the information
exchange activity (7 minutes each for two rounds)-deciding who would present in the first half and second half and assigning roles
for listening. During the information exchange, the listeners took on the roles of either a teacher or an elementary school student
and provided feedback to the presenter. For instance, a student playing the role of an elementary school student asked, ‘What is
an absolute value?’ to highlight the importance of terminology.

The following are examples of actual student statements made during the information exchange activity:

Regarding the rule for determining the winning grade, if we simply calculate the average, a situation where half of the
participants score 0 seconds, and the other half score 120 seconds would result in an average of 60 seconds. Even though
these scores are not close to 60 seconds, the average gives them a high evaluation. To address this issue, | think it would
be better to take the absolute difference from 60 seconds.

If we calculate the average, for example, a case with two participants scoring 90 seconds and 30 seconds would produce
the same result as two participants both scoring 60 seconds. To improve this, | considered assigning points based on how
far each score is from 60 seconds and designing the game around that idea.

These examples demonstrate that both groups of students identified the shortcomings of using averages and proposed the
mathematical concept of variance as a solution. Through this information exchange within each group, students sought to refine
their ideas and explore more appropriate mathematical approaches.

Following the information exchange, each group was tasked with completing their reports. Four out of the eight groups
submitted their reports during the lesson, while the remaining groups were instructed to submit their reports on the same day.

In the reports of each group, the following ideas were observed:

1. Rounding off the decimal part of the time instead of truncating it (or including the decimal part in individual records),
2. Implementing handicaps based on grade, and
3. Devising methods to prevent outliers from affecting the data.

The first point was raised by one of the groups during their presentation in session 3, emphasising that a time of 59.9 seconds
should be considered worse than 60.4 seconds. Regarding the second point, Group B proposed a rule where the larger the
deviation from 60 seconds, the lower the score. They set specific handicaps for each grade, such as deducting 1 point for every 10-
second deviation in the range of 40-50 seconds and 50-60 seconds for 1st graders and deducting 1 point for every 10-second
deviation in the range of 58-59 seconds and 59-60 seconds for 6th graders, and so on. When determining the number of seconds
that should result in a point deduction for each grade, the students aimed to maintain a similar shape in the histogram as the time
range changed. Though their approach was intuitive, their discussion had a mathematical foundation.

Regarding the third point, Group C proposed transforming the competition into a relay format, where groups of three people
took turns counting 20 seconds each. The students noted that this method would reduce the number of outliers as one player
could correct another’s mistakes. Additionally, it addressed the issue of boredom that arose from staying quiet for 60 seconds,
emphasising the value of enjoying the game.

The second session focused on activities involving information exchange among the students. Criticality, as a component of
critical thinking, is expected to be demonstrated through a critical examination of rules created by others. Furthermore, the
session was designed to encourage students to reflect on their own rules based on others’ opinions and to strive to employ better
mathematics skills. Therefore, a demonstration of ‘otherness’ was anticipated in this session.

Third session

In the third session, each group had three minutes to deliver their presentation, and a projector was available for their use.
During the presentations, students were encouraged to conduct a brief peer evaluation of the other groups. Following the
presentations, a 10-minute period was allocated for participants to complete a questionnaire. The peer evaluations were scored
on a scale of 0-10, with each student awarding their own group a score of 7. However, students were not required to provide a
rationale for their scores, as the purpose of this exercise was to foster a sense of competition among the students. The scores
awarded to each group are shown in Table 4.

Feedback

Subsequently, the students were provided with a feedback sheet that included comments from the three evaluators
mentioned earlier. These evaluations were conducted based on the rubric presented in Table 3. The evaluation results from the
three teachers (T1, T2, and T3) are presented in Table 5.



10/18

Hattori et al. / International Electronic Journal of Mathematics Education, 20(3), em0830

Table 4. Scores for each group (evaluated by students)

A B C D E F G H
7 7 10 9 9 8 8 6
6 7 4 7 6 6 5 5
6 7 7 6 6 7 6 6
6 8 7 7 8 6 7 5
6 9 8 7 7 8 7 7
4 5 6 5 5 7 4 4
8 9 8 10 9 8 7 8
4 7 8 9 9 8 7 7
Total 47 59 58 60 59 58 51 48
Table 5. Evaluation results by the three teachers (T1, T2, and T3)
Group T1 T2 T3
Group A B B B
Group B A B B
Group C S S S
Group D A A A
Group E S A S
Group F A A S
Group G B B A
Group H A A S
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Figure 8. Report for Group D (Source: Field study)

orade, 25 sec for 2nd grade, 20 sec for 3rd grade, 15 sec for 4th grade, 10 sec for 5th grade, and 5 sec for 6th
grade)
(2) Measure the time to two decimal places.
(3) Each student has two tres. The better data (closer to 60 sec) 15 used.
[Explanation for teachers]

To provide more accurate records and increase competitiveness, individual records are recorded to fwo
decimal places mstead of rounding down to the nearest whole number. Younger students have a less
developed sense of time, so they are siven an advantage fo ensure that the event is enjovable for all grades.

[Explanation for elementary students]
Start the stopwatch and stop 1t when you believe that 60 sec have passed. Initially, observe the stopwatch
counting fo gef a sense of the duration. Make a note of vour result.

[Rules for determuning the winning grade]
+ The individual record is the difference from 60 sec.
+ Calculate the average of mdividual records for each grade.
+ Add the average of individual records to the smallest indrvidual difference to determine the grade’s record.
+ The grade with the smallest record 1s declared the winner.
[Explanation for teachers]
+ Calculating the average of all records, even with outliers, encourages everyone to strive for their best

performance.
+ Including the smallest individual record value in the grade’s overall record motivates students to aim for the
lowest possible value in their grade.
[Explanation for elementary students]
Lower grades are given an advantage, so thev have a chance to win too! Let's all do our best!

The evaluations were conducted independently by the teachers based on the reports submitted by the students at the end of
the third session. A comparison of Table 4 and Table 5 reveals that student and teacher evaluations do not necessarily align. We
present the students’ evaluation of Group D (which received the highest score, as shown in Figure 8) and the teachers’ evaluation
of the same group (as shown in Table 6). These comments were shared with the students. Tables 6-11 display additional

evaluation comments provided by the teachers.

In Figure 8, Group D includes the statement, ‘Lower grades are given an advantage, so they have a chance to win too!’ This
can be interpreted as an expression of fairness, reflecting the value of empathy towards younger grades.

Table 6. Evaluation comments given by the teachers

regarding Group D’s report

Evaluation

Comment

The group’s consideration of the handicap shows their intention to ensure that even younger students can enjoy the game. The
explanation provided to elementary school students about observing the stopwatch count to get a sense of time reflects their

thoughtful approach. However, | felt that the explanation regarding the appropriateness of the handicap could have been clearer

(e.g., Is the handicap perfectly balanced?). The group’s presentation had a strong presence that seemed to resonate with the

elementary school students.
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Table 6 (Continued). Evaluation comments given by the teachers regarding Group D’s report

Evaluation

Comment

Regarding the rules of the 60-sec challenge, the group came up with a method to provide an advantage to the younger students.
The warmth and helpfulness of the group members were evident in their explanation to the elementary school students. The
phrase “the sum of the average of individual records and the smallest individual difference” could have different interpretations,
and it would be helpful to provide specific examples for better understanding.

| appreciate how the rules were designed to make the event enjoyable for all grades by giving younger students more time to
observe the stopwatch. The idea of recording the sum of the minimum and the mean as the grade’s record is excellent, as it
motivates students to aim for the minimum value and maintains excitement until the end. It would be even better if the group
could effectively convey the fun of this aspect in a way that is easily understandable for elementary school students.

Table 7. Evaluation comments given by the teachers regarding Group B’s report

Evaluation

Comment

Group B’s explanation of the appropriateness of the handicap based on the shape of histograms when changing grades was
impressive. It’s unfortunate that this aspect wasn’t verbalised during the presentation and reflected in the report. The inclusion of
prizes in the rules aligns with reward-oriented motivation models, and it’s noteworthy that motivation was sought beyond the
game itself.

The rules of the 60-second challenge were designed to minimise mistakes, such as forgetting to press the button, by allowing only 3
seconds for the first attempt. The inclusion of a reward, like the momiji manju (maple-shape manju cake), for determining the
winner added excitement to the competition. However, it would have been helpful to have a more explicit explanation of why these
rules were devised in their specific ways.

The idea of assigning different point ranges for each grade level in the 60-second challenge is quite interesting. To help elementary
school students better understand this concept, using the term “range of ranks” in the explanation could be beneficial.
Additionally, providing clearer rationales and recommendations for each rule would enhance understanding.

Table 8. Evaluation comments given by the teachers regarding Group E’s report

Evaluation

Comment

The explanation provided to the teachers regarding recording up to the second decimal place was rooted in the shortcomings of
previous rules. On the other hand, the explanation given to the elementary school students was more intuitive and well-crafted.
The contestants demonstrated a strong awareness of making the game engaging for elementary school students when
determining the winning grade. They devised various prizes and carefully considered which grade would have the best chance of
winning. | found this thoughtful consideration based on real-world situations to be commendable.

The rules for the 60-second challenge effectively utilise the stopwatch data as it is. The intention behind these rules was well
explained and presented convincingly. Additionally, the rules for determining the winner, such as incorporating the use of absolute
values, were cleverly devised. However, it is worth noting that the explanation provided for elementary school students may have
been slightly challenging to comprehend.

The idea of utilising a record to two decimal places is highly persuasive, as it prevents potential score reversals that could occur
with integer values (e.g., 60.99 and 59.99). The rule of awarding bonus points to the child who surpasses the 60-second record or
the 59.99 record among all the students adds an intriguing element to the challenge. Additionally, the concept of assigning names
to prizes, such as the “prize for everyone working together,” is a fantastic idea that enhances both the understanding and
enjoyment of the activity for elementary school students.

Table 9. Evaluation comments given by the teachers regarding Group F’s report

Evaluation

Comment

It would be beneficial to provide more elaboration on the appropriateness of the handicap, such as discussing whether the
designated counting time is optimal or if it would be better to divide the scoring into different grade ranges (1st-2nd / 3rd-6th). A
comparison of histograms and the number of data satisfying specific conditions could serve as compelling evidence. The names
“60-second Meister” and “title” are engaging for elementary school students, and it is evident that the target audience was well-
considered in the design of the rules.

The proposed new rules for the 60-second challenge are highly convincing, as they address the difficulties faced by younger
students in the game. The rules for determining the winner are also clever, particularly the inclusion of percentages and the
introduction of a separate box. Providing more specific and concrete figures, such as Figure 1 and Figure 2, would have made
the explanations easier to understand for both teachers and elementary school students.

| find the concept of providing a handicap by counting to the halfway point based on the grade to be quite appealing. The names
“60-second Meister” and “semi-60-second Meister” are also creative and engaging, making it easier for children to grasp the
concept and adding excitement to the competition. | am curious to see how these ideas would unfold in practice.

Table 10. Evaluation comments given by the teachers regarding Group G’s report

Evaluation

Comment

While | appreciate the intention of creating a fun atmosphere, it would be beneficial to discuss whether the handicap is suitable for
achieving this goal. The idea of eliminating homework aligns with reward-oriented motivation models, and it is commendable to
seek motivation beyond the game itself. However, the explanation provided for elementary school students seems too simplistic. It
would have been helpful to invest more effort in explaining the rules of the “60-second challenge” in greater detail.

The rules for the 60-second challenge were designed to provide an opportunity for students in lower grades to compete on a more
equal footing using a handicap. The rule for determining the winner, using mathematical calculations based on the average of
absolute values, demonstrates careful thought and consideration. It would have been advantageous to provide clearer
explanations of the rules for the 60-second challenge and the criteria for determining the winning grade to elementary school
students.
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Table 10 (Continued). Evaluation comments given by the teachers regarding Group G’s report

Evaluation Comment
The concept of adjusting the number of measurements in the handicap idea is intriguing. However, it might have been more
exciting if the focus was on devising game-related rules to enhance the excitement, rather than offering a reward unrelated to the

A game, such as the elimination of homework. | appreciate the idea of comparing the average difference (absolute value) from 60
rather than the average times, as it aligns with the game’s objective of having the participant closest to 60 seconds emerge as the
winner.

Table 11. Evaluation comments given by the teachers regarding Group H’s report

Evaluation Comment

The explanation provided for rounding off instead of rounding down was carefully articulated, highlighting the advantages of this
approach. The argument that the modification allows those who struggle with the 60-second challenge to aim for lower times
while providing an opportunity for those skilled at the challenge to aim for higher times was effectively conveyed. The proposed
rule to determine the grade winner based on the sum of differences from 60 seconds, however, may disadvantage grades with a
larger number of participants. Given more time for rule consideration, a more balanced and equitable rule could have been
formulated.

The issues with the current 60-second challenge rule, particularly the problems arising from rounding down, were clearly
addressed and improved upon. In terms of determining the winner, the use of the absolute value of the difference was introduced.
However, it is important to consider the discrepancy in the number of students across different grades when calculating the sum. If
the rationale for not accounting for this difference is explained further, it would strengthen the proposal.

The idea of rounding off to one decimal place is highly persuasive, as it resolves the issue of reversing scores like 60.99 and 59.99.
The explanation for elementary school students is well-crafted to ensure easy comprehension. The focus on comparing the average
difference from 60 rather than the average times is straightforward, supported by clear examples. Introducing a handicap to foster
fair competition between lower and upper grade students could add an extra level of excitement to the challenge.

Additionally, Group E provides the following statement:

Ratherthan usingintegers, data should be recorded up to the second decimal place. Reason: 1f 60.99 and 59.99 are rounded
to integers, 60.99, which is farther from 60 seconds, would receive a higher score, which is unfair.

This proposal aims to address unfair situations arising from the traditional rule of using integers for evaluation. This can be
considered an explicit manifestation of the value that the game should be made fairer.

The third session involved peer evaluation activities among the students. This session was aimed to demonstrate criticality
and otherness as components of critical thinking. Students were required to critically evaluate the rules created by their peers.

Lesson Discussion

In this section, we will analyse the lesson from three perspectives: the students’ perspective in proposing new indicators, rubric
functioning, and the critical thinking demonstrated by the students.

Students’ perspective in proposing new indicators

First, we provide an overview of the improvement proposals from the eight groups. The proposed improvements can be
primarily classified into three categories:

1. New implementation methods that do not involve handicaps, such as allowing retries or forming groups of three,

2. New implementation methods that consider differences in ability between grades and include handicaps, such as limiting
the number of attempts or adjusting the measurement time, and

3. Other methods. Furthermore, the proposed improvements for determining the winning grade can be classified into seven
categories:

a) Considering the issue of rounding down to the first decimal place.
b) Taking outliers into account.
) Addressing the problem of mean evaluation by considering absolute deviation.
d) Setting and weighting the intervals.
) Differentiating the weighting of intervals for different grades.
f) Adjusting the interval width for each grade.
g) Introducing special points, like an award for a perfect guess of 60 seconds.

The classification was based solely on the explicit statements found in the students’ written worksheets, without incorporating
any assumptions made by the authors. In this section, we will analyse the report provided by Group D (Figure 8).

Based on Group D’simprovement plan, we can classify it as Category Il due to the following description found in the worksheet:

‘The younger students have less sense of passage of time, so they are given an advantage in a way that the event can be
enjoyed by all grades’.
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Table 12. Student perspectives and suggested improvements to indicators

Group Classification
Group A 1/a,b,c,d
Group B /cd,f
Group C I/a,b,d
Group D Il/a,c

Group E ll/a,cg
Group F Il/a,d,f, g
Group G Il/a,c

Group H l/a,c

This suggests an implementation method that sets up a handicap to favour the lower grades by introducing a difference in the
measurement time for each grade. Regarding the indicator used to determine the winning team, Category a is identified from the
description: ‘To reflect the results more accurately in the records and to enhance competitiveness, individual records are recorded
to two decimal places rather than rounding down to the nearest whole number’. Additionally, Category c is identified from the
description: ‘The difference from 60 seconds will be considered as the individual record’. Furthermore, the statement ‘Lower
grades are given an advantage, so they have a chance of winning too!’ can be interpreted as an expression of the value of ‘kindness
toward the first graders’. It signifies that the proposal aims to provide an opportunity for lower-grade students to compete on an
equal footing. In terms of values, there are other potential values that emphasise the degree of scattering. The proposed
improvements from each presentation are summarised in Table 12.

Among several groups, the issue of adopting the average value (category c) resulted in considering the difference from 60
seconds. This approach focuses on the dispersion of data, highlighting the importance of considering variance, standard
deviation, and other measures of variability among students, rather than solely relying on the mean as a central indicator.
Additionally, various methods for weighting the intervals based on differences in ability across grades were observed.

Particularly noteworthy was a group that approached the problem from the perspective of adjusting the interval widths
(category f). They created histograms at different interval widths and aimed to transform the distributions to be as similar as
possible. This approach demonstrated their unique way of addressing the problem.

The data for each grade exhibited typical characteristics, with minimal variation in means but significant differences in scatter.
Variance and standard deviation are commonly used to measure scatter, and in traditional teaching settings, teachers often
present data with similar characteristics and set up specific scenarios to prompt students to consider the degree of dispersion.
However, in this case, the students recognised the importance of dispersion based on their own values (although not all students
may have shared this perspective). While adjusting the interval widths, the students might have applied the concept of
standardisation, seeking to achieve similar distributions to maintain a competitive event. This teaching assignment stands out as
itinvolves setting competition rules based on students’ values and witnessing the spontaneous use of standardisation and similar
approaches.

Furthermore, a group proposing an improved implementation method (category Il) that accounted for differences in ability
displayed an awareness that increasing the number of attempts led to reduced scatter in the average values. The students likely
had an intuitive understanding of the characteristics of the sample mean distribution. Considering these circumstances, the
students put forth new indicators based on their own values and actively utilised important statistical concepts learned in
secondary education.

In this way, students utilised mathematics to a greater extent than anticipated. This was driven by the value of empathy, as
they aimed to make the activity enjoyable, even for younger students. Notably, their focus on dispersion aligns with contemporary
mathematical literacy, as emphasised by the Organisation for Economic Co-operation and Development (2018). The context
provided by these teaching materials facilitates the development of mathematical literacy.

Rubric functioning

Eight group reports were evaluated by three teachers using the rubric from Table 3, showing no significant discrepancies
(Table 5). For example, Group C was rated ‘S’ by all for transforming the challenge into a team game, setting winning criteria,
removing outliers, and creating an enjoyable experience. Group D, highest-rated by students, was awarded ‘A’ for adjusting the
rules by providing more time for lower grades to view the stopwatch and fostering motivation. Despite diverse evaluation
rationales from teachers, Group D appeared appropriate from one perspective and challenging to understand mathematically
from another. Similar evaluation approaches were employed for the other groups using the same rubric. These findings
demonstrate that the rubric-based assessment presented in Table 3 serves as a tool to assess the social values demonstrated by
the students. However, it may be exceptionally difficult to evaluate cases where one perspective has a highly compelling rationale
while another perspective is incorrect based solely on this rubric. Therefore, it is crucial to further refine the evaluation criteria for
the rubric.

Moreover, evaluators’ judgments may differ due to their backgrounds. Analysing the ratings given by the three teachers, it can
be observed that some differences may be attributed to their professional backgrounds. For instance, T1 was a classroom teacher,
T2 was a university teacher, and T3 was an elementary school teacher. While the evaluations of the three teachers were never
more than two levels apart, T3 generally provided higher ratings compared to T2 and T1 (e.g., Table 9, Table 10 and Table 11).
The teacher evaluation comments in Table 10 are particularly interesting. Both T1 and T2, who assigned a B rating, requested
more detailed explanations suitable for elementary school students, as seen in their comments such as ‘it would have been
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1. In this lesson, vou came up with rules for determining the winner of the §0-zec challenge. At the beginning of
the second period, after hearing or seeing vour friends’ rules for determining the winner and their rationale, did vou
decide to change vour own rules for determining the winner? Please tick one of the following. Also, please give the
reason (if vou decided to change vour rule, give the reason or reasons for the change; if not, give the reason or
reasons).

2. What skills do you think vou acquired in this lesson? Please state what skills yvou gained and why you thought
50.

3. Please feel free to describe vour impressions of this lesson

Figure 9. Post-lesson questionnaire (Source: Authors’ own elaboration)

Table 13. Extracted feature words: Top ranking words

Decided to change the rule Decided not to change the rule
feel .307 rule .250
opinion .165 oneself .230
good .136 group (Han) .192
interesting .107 think .191
grade .104 enjoy .106
Elementary school student .095 person .100
presentation .086 mathematics .094
listen .080 group .078
see .078 ability .068
game .078 other .067

English translation of the results of text mining for Japanese descriptions

advantageous to provide clearer explanations of the rules for the 60-second challenge and the criteria for determining the winning
grade to elementary school students’ and ‘However, the explanation provided for elementary school students seems too
simplistic’. Conversely, T3, who assigned an A rating, highly evaluated the concept of the new rule itself, stating, ‘The concept of
adjusting the number of measurements in the handicap idea is intriguing’. T3 is an elementary school teacher, whereas T1 and T2
are not. T3 considered the explanation adequate for elementary school students. By contrast, T1 and T2, who do not regularly
interact with elementary school students, may have set a higher standard for what constitutes ‘clarity’ in explanations for this age
group. These variations in evaluation priorities highlight the differing perspectives of the evaluators. Consequently, in some
studies, rubric evaluation criteria are shared among evaluators to establish typical examples of each evaluation in advance. This
approach assists in assuming predictable viewpoints and presenting evidence for judgments from these perspectives (Hisadomi
& Koyama, 2018).

However, we believe there is an advantage in providing diverse feedback to students through varied evaluations from
teachers. In this classroom study, the evaluation results from the three teachers were shared with the students. As shown in Table
5, three out of the eight groups received consensus among the teacher evaluations, while five groups did not. When fostering
critical thinking skills, it is crucial to emphasise multidirectionality rather than directing abilities in a single direction. It is essential
to listen to various ideas presented by others. Therefore, the authors believe that it is important for students to embrace diversity
in evaluations. Hence, both the evaluations and the corresponding comments were presented to the students.

Critical thinking demonstrated by students

After the lesson, a questionnaire (Figure 9) was distributed, and a text mining analysis was performed using the free software
KH coder. Typographical errors were corrected during the analysis.

Regarding question 1, 20 students indicated that they altered their recommendations, while 19 students stated that they did
not make any changes. The three free-response statements were combined, and characteristic words were extracted from the
responses using the Jaccard coefficient, with the sentence as the unit of aggregation. The extracted words are presented in Table
13.

The analysis revealed that the words ‘elementary school student’, ‘grade’, and ‘game’ were prominent in the responses
regarding why they changed the rule, indicating that the respondents envisioned elementary school students engaging in the 60 -
second challenge (*The Jaccard coefficient for ‘rule’ in ‘decided to change the rule’ was 0.190 but filtered out). Here are some
representative responses:

| came up with a better idea by taking on the opinions of others in addition to my own thoughts. There were not only
opinions but also various ways of thinking. In this case, there were the concepts of entertaining elementary school students
and making the competition interesting, which was interesting.

| aimed to create explanations that even elementary school students could understand by avoiding technical terms and
using simple language.

| pondered how to make the competition more enjoyable for elementary school students, exploring possibilities like
modifying the fundamental rules or turning it into a scoring game.
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Figure 10. Co-occurrence network (Source: Authors’ own elaboration, using KH coder)

These responses demonstrate a strong sense of critical thinking. Throughout the lesson, the high school students exhibited an
attitude of seeking to enhance the rules for the enjoyment of elementary school students. This is evident from the questionnaire
results, where students actively considered the opinions of others and made efforts to improve their own approaches. The co -
occurrence network diagram (Figure 10) further illustrates this, showing the co-occurrence of ‘discuss’ and ‘improve’. The
diagram is based on sentence-level aggregation, targeting words with a minimum of 5 occurrences, and depicting the top 30 pairs
of words with the highest Jaccard coefficient as edges. These skills aligned with the specific critical thinking abilities that we aimed
to foster through this lesson, which involves empathising with others’ opinions and collaboratively considering ways to improve
rules. A student’s response, stating, ‘It was enjoyable to think, discuss, and gradually improve the rules together’, serves as a
quintessential example of this process.

During the process of improving the rules, many groups demonstrated critical thinking by devising mathematically
sophisticated rules, as previously mentioned. The issues related to adopting averages, truncating data, and addressing outliers
cannot be easily identified through a superficial analysis of the data alone. Instead, they require careful mathematical examination
from multiple perspectives. Typically, it is the teacher’s questioning in the classroom, such as prompting students with questions
like ‘What do you think about this idea’? that initiates their thinking on these matters. However, in this case, the students were
able to uncover these issues through their own initiative. This indicates the active exercise of critical thinking by the students.

The proposed improvement, which stems from the compassionate value of providing an advantage to younger students,
utilises mathematics to realise the concept of the 60-second challenge as an enjoyable competition for all students. The fact that
we were able to create a classroom environment where various mathematical models (indicators) were developed based on the
individual social values, and where students could share their ideas with others, suggests that this lesson to some extent fostered
the students’ critical thinking abilities. Here, we revisit the demonstration of critical thinking in the narrow and broad senses, as
discussed in the theoretical foundation, and summarise the findings. Critical thinking in the narrow sense refers to critical thinking
within the mathematical domain, wherein it is essential to utilise mathematical knowledge to explore better rules. In this regard,
students demonstrated critical thinking in the narrow sense by evaluating the validity of averages and proposing new ideas, such
as focusing on absolute values and variance. In the broad sense, critical thinking refers to the ability to make social judgments
about real-world problems using mathematics. This study specifically emphasised respecting others’ ideas and revising one’s own
thoughts. As shown in the text mining analysis, students empathised with the perspective of elementary school students, striving
to provide clearer explanations and devise better rules that could be more enjoyable for younger students. These efforts exceeded
the authors’ expectations and were considered a clear demonstration of critical thinking in the broad sense.
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CONCLUSION

The aim of this study, focusing on secondary mathematics education, was to develop teaching materials that promote critical
thinking, describe students’ problem-solving processes through practical application, and assess the effectiveness of a rubric for
capturing students expressed social values. We designed an open-ended problem centred around proposing new rules for the 60-
second challenge. Through the structured lesson, we observed how students independently devised new indicators based on their
own social values. Additionally, the use of the rubric in a series of assessment activities played a significant role in identifying
students’ social values. However, we also encountered certain issues, particularly in refining the evaluation criteria of the rubric.
The future challenge lies in addressing these issues and developing an evaluation system that effectively captures the students’
demonstrated critical thinking, utilising the insights gained from this study as a foundation.
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